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Beware! Heed warning. MA11-5 interprets the meaning of the derivative, determines
the derivative of functions and applies these to solve
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Mathematics Extension 1 exclusive content.
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Literacy: note new word/phrase. MA-C1 Introduction to Differentiation
Facts/formulae to memorise.

On the course Reference Sheet.

ICT usage

Enrichment content. Broaden your knowledge!

0 Gentle reminder

e For a thorough understanding of the topic, every question in this handout is to
be completed!

e Additional questions from Cambridge Year 11, 3 Unit
(Pender, Sadler, Shea, & Ward, 1999), or Cambridge Year 11 2 Unit
(Pender, Sadler, Shea, & Ward, 2009a) will be completed at the discretion of
your teacher.

e Remember to copy the question into your exercise book!
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Part 1

The derivative



~T& Learning Goal(s)
= Knowledge £ Skills @ Understanding
What is a continuous function Differentiate between The features of graphs that are

SRR e continuous and discontinuous discontinuities
functions

By the end of this section am | able to: ......... ......... ..........
7.27 An intuitive approach to the concept of continuity : : :

7.28 Distinguish between continuous and discontinuous functions, identifying key elements which
distinguish each type of function

1.1 Limits

............... 1.1.1Deﬁnition..

g T Ewample L

(a)  Find the formula for y = f(z).

(b)  What function value (y value) are the arrowheads approaching in the diagram?




LiMITS: AND CONTINUITY — LIMITS

G DRtioN T -

Limit (loose definition) A full limit as v — x( exists if

the limit approaching from the o limit”) is
equal to the limit approaching from the O s S SR S
Hmdt” ). & fodi b
y : : :
..... gl b
..... 2__
@)
ARETREL €000 HRR OO 00 00 0
AR S
19 3

Notation:

ﬁ Histoi’y

/ Karl Weierstraf3 (1815-1897), cited as the “father of modern
analysis”. Weierstrafl left university without a degree, but studied
and trained as a teacher.

Weierstral” interest lie in the soundness of calculus. Prior to his
time, some definitions regarding the foundations of calculus were
insufficiently rigorous. His work resulted in the formalisation of
7 the definition of the limit (as well as the continuity of a function):

The limit of f(z) as x approaches zq is L

T—T0

exists if and only if for every value € > 0, there
exists another number § > 0 such that |z — x| < 0
makes |f(z) — L| < € true.

f(z) *GI****T‘ lim f(x)=1L



http://en.wikipedia.org/wiki/(%CE%B5,_%CE%B4)-definition_of_limit

............... S oo lovirs anp ConTiNUITY CLivrrs

T gl

State whether the following limits exist, giving a brief reason.

(a) lim f(2) (b) lim f(z)

......... ....... T—2 z—3 .. ......... ......... ..........

......................................

Evaluate lim (I3 il xQ)_ ......... ......... ..........
z——1 : : :

rx——1 x

....................................................




......... .......... .......... """‘“5'73'9“Exa'inpi‘e“§5”“'“‘f ......... e e, ST SRR SR s i, e e, ..........
I T ?o3e+2 -
z—2 w—2

S S e 3 Tore e

................................. 1
Sketch y = — and y = —, and hence, determine

. ......... .......... .......... . ‘ 1 ) 1 . :
ot T g (b) T € lpe @ o ;

; : : o Important note : - , ,
""""" """"" """""" A LH / RH limit may not exist for the “full limit” to exist in these cases.




............... 0. i cLivits aND ConTINUITY - LiMrrs G G

g Thremy T

- L When the limit of a rational function results in % or %

e Factorise + cancel /simplify, or

e Divide numerator and denominators by the highest power of x to use the special
limits.

. T®Eempes

Evaluate the following limits: Answer: (a) —2 (b) 1 (¢) 3 (d) o0

: N 1i1m —-—— im —— N N N
JRe Y z—2 2 4+ 3x — 10 z—oo T2 + 22 + 1 AR T I
REE 2% — 8z + 12 528 — 49 R

) mE8rtl2 Ay e O
R i RIS py v S B F

o S

(A) Ex 93 (x) Ex 71




......... .......... 12Contmmtyat:c:a ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

“& Definition 2

“s ExaEmpIe 9

Determine whether the following functions are continuous at x = 1.

cvigti—Bpit4
[ RN

(a) f(z)

2 —bxr+4
z—1

x#1

22 — bz +4
rz—1

x#1

o S




is defined for = # 2, what value must g(2) take on for g(x) """"" """"" """""

continuous at z = 27 Answer: 9

ﬁ Eéxampgle 115

Find the values of @ and b if Q(x) as shown, is to be continuous V.

......... ...... 2 FE T ......... ......... ..........
Qr)=Rar+b 1<x<?2 '

22—5 x>2




Flgure 1. 1 Dlscontmulty of the Western D1str£butor (Sydney) near Anzac Brldge Apple maps fall
' Retrleved from WWW. smh com.au gallerles 27/9 / 2012



http://www.smh.com.au/technology/technology-news/the-best-of-the-worst-in-apple-maps-20120921-26aop.html?aggregate=&selectedImage=12

ez

‘{s Learning Goal(s)

= Knowledge L Skills @ Understanding
The  first  principles  of Find the derivative by first The relation between the
differentiation principles derivative of a function f(z)

and its the rate of change

& By the end of this section am | able to:

7.1
7.2

7.3

7.4

7.5

7.29

Interpret the derivative as the gradient of the tangent to the graph of y = f(z) at a point =

Describe the gradient of a secant drawn through two nearby points on the graph of a continuous
function as an approximation of the gradient of the tangent to the graph at those points, which
improves in accuracy as the distance between the two points decreases

Interpret and use the difference quotient w

gradient of a chord or secant of the graph y = f(z)
¢ Leth)—f@)
h

as the average rate of change of f(x) or the

Examine the behaviour of the difference quotien as h — 0 as an informal introduction

to the concept of a limit

M and use the notation for the

Define the derivative f’(x) from first principles, as limp_o
derivative: & = f'(z) = ¢/ where y = f(z)

An intuitive approach to differentiability

.......................... EDefm.t.on?,

Calculus: the mathematical study of change.



;I’robiem: to ﬁnd thé equzxftion éf thei- - étwo péoints éare réquireﬂ. Usfe a

iﬁstead§ to aﬁproxiima,teé




......... .......... e Q'Def:initioﬁﬁ““z ......... VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
| : The difference quotient:

..........................................

......... ......... ...... ﬂ"Defin'itiO'ﬁ‘S ..... S ........ ......... ......... .......... ......... ........ ......... ......... ......... ......... ..........
,,,,,, @ The gradient function of f(x), denoted f'(z):

Other notation for the derivative:

Noun Derivative, gradient function Verb Differentiate

o S




......... .......... ........... 2..2 .... leferentlablhty"a‘t‘;fc':“a“é' ......... .......... ......... ........ ......... ........ ......... ......... ..........
| : : ' - &) Definition 6 ' : : : : : : : : : ' :
¢ A function f(z) is differentiable at v = a iff

......... .......... .......... . 1. It iS at T = CL, a‘].,l(i ........ ..........

. = Eamper

: : : : For Y= |$|,
S L L | (a) Rewrite as a piecewise defined function.

(b)  Sketch the curve

(¢)  Find f'(z), paying particular attention the point z = 0.

""""" """"" (d)  Hence show that the derivative to y = |z| does not exist at z =0. """""

R S ...} Conclusion: a curve is not differentiable at x = a when a

........................................................................................................................................................................................................................

......... ......... Atxz=a ..........




Answers

SUTTI ;....1.,.ﬁ242_.03 4,954 6.1:—55

13. 4z 14 (:1:+1) 2.15.: —2(:(:—1) 216

s 3.6.. —3(90-1—2) 2.7, ﬁ2(9 53;)—5 8 —2m 39 —a; 3 10

o 1
3T

xz 11 53;2.12 ..1.(,x.+.1;...§ .......... L L

..................

= Further exercises

(A) Ex 8B

e Q1-10

e Ql4

THmt rewrlte as vV

*Hint: use difference of squares

..................................




 Finding the derivative (shortcut)

“s Learning Goal(s)

= Knowledge £ Skills @ Understanding

The shortcut method for Find the derivative efficiently by How to differentiate sums :
......... u ......... e , derivatives applying the shortcut method and diﬂ‘erences Of terms Wlth ....... ..........
E : : : coeflicients :

_________ By the end of this section am | able to:
: : : : 7.8 Use the formula 4= (z") = na" " for all real values of n

_______ Lo Lo 1 79 Differentiate a constant multiple of a function and the sum or difference of two functions

.31 Polynomial-like terms . BN

- /- Theorem 2: T |
If f(x) = 2", wheren €¢ R, then ,,,,,,,,,,

Rules for differentiating polynomial-like terms: L
1.  Derivative of a sum is the sum of derivatives. §

% [f(z)+g(x)] = o FE Ly ..........

2. Coefficients are “left alone”




T Bl g _________ s

........ ...... 1. y:6m_4 2. y:2x3_4aj 3. y:1’3—5x2+2$_1 ......... ......... ..........

3. 2 Index Iaws

S - 5 “‘Example 14 : : 5 : 5 5 5 5 5 5 SRR - -

Find the derivatives of the following, first by rewriting in index form.

, : 16 16 4 24T 1 : . :
: : 1. — — < 8. —_— : : :
R ] 7 i 7 L7 S e -

o 5 Vet 6 R R
......... ....... 2. ......... ......... ..........
' : 5 : : :

.................. 3. 24\/5 7. 5x 10. x x .A\

A Be careful with your notation!

o S




... FINDING THE DERIVATIVE (SHORTCUT) — EXPANSIONS/PARTIAL FRACTIONS : . = = . 2t

33 Expansions/partial fractions
..y = EBamplels AR S S AR SR SN NI R A S

Find the derivatives of the following by first expanding brackets.

| : : 1. 32 (x—227) 3. 3 ?2-227! _
......... ......... 2. (237—1)(2—3:1)) 4. 2 (a:Z—x—l—l) ........ ..........

“s Exahple 16

Find the derivatives of the following by “splitting” the fractions.

......... .......... .......... . 2 31.4_2:[3 = 4.’1?—|—5\/E ........ ..........

3= Further exercises

(@) E&sg (x1) Ex 9C g
SO L L . ° (1) SR GRS SRRSO AN SN, SRR SRS SRS SR SRS SN RS PR, SR SIS JRUU SRS SRS SRS SRS S MRS I RS B . . L
| ®Ex8E e Q13
S o S R R e o

@Ex o @Ex 9D

e 025, 10-11 e Q1,35




]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
| : The relation between the first Finding the equation of tangents The first derivative as a gradient
SR RN derivative and tangents and normals to a curve function

| : ® By the end of this section am | able to: : : :
SRR e 7.10 Use the derivative in a variety of contexts, including finding the equation of a tangent or normal to e R
' : a graph of a power function at a given point : : :

| : 41 Def'"'t'ons : : ? ? : ; : ; ; : : ; ; : :
o - &) Definition 7 S T T T I - o SR - - -

A tangent to the curve at x = a touches the curve at that point.

......... .......... . @-Definitioh‘&wé ......... R S e, SR U RN SO I e, s i, ......... ......... .........
| : The normal to the curve at x = a is the line that is perpendicular to the tangent at : ! :
xr =
leagram

o Important note

""""" """ | Use coordinate geometry methods to solve problems related to tangents and normals.



......... .......... .......... 4 9 Examples ....... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

“‘ Example 17

Given that f(z) = 2% — 3z,
(a)  Find the equation of the tangent and normal at P(2,2).

(b)  Find the points on the curve where the tangent is horizontal.

Answer: (a) Tangent: y = 9z — 16, Normal: y = —ém 4 % (b) (1,—2) and (—1,2)

1
Find the points on the graph of f(x) = x + — where
73

(a)  The tangent is horizontal.
(b)  The normal has gradient of —2.

(¢c)  The tangent has an angle of inclination of 45°.

Answer: (a) (1,2) and (—1,—2) (b) (\/i, %ﬂ), and (,ﬁ’ ,%\/i)

o S




......... .......... L #"ngampgle“l'gg .......... R SR S i e S i, s ......... ......... ..........
| : [Ex 7D Q17] Show that the line x +y + 2 = 0 is tangent to y = 2* — 4z, and find : : :

the point of contact.
Hint: Find the equations of the tangents parallel to  + y + 2 = 0, and show that one of them is this very line.

o S




i T

Fu rther exercnses

Ceqso -Q912 .Q.1,4,‘20. ........... D

NORMANHURST BOYS HI-GH SCHOOL INTRODUCTION TO DIFFERENTIATION




]‘ Learnmg Goal(s)

= Knowledge L Skills @ Understanding
| : What is the product, quotient Identifying v and v to apply the Which rule to apply when
SRR e and chain rule product, quotient and chain rule differentiating more complex
functions
................. & By the end of this section am | able to:

7.12 Understand and use the product, quotient and chain rules to differentiate functions of the form
f(@)g(z), £22 and f (g(z)) where f(z) and g(x) are functions

> g(=z) ......... ......... ..........
7.13 Further work with the chain rule E : :

....... ,,,,, 51 “““ Chamrule ,,,,,,, ........ ,,,,,,, ........ ,,,,,,,,, ,,,,,,,, ......... ,,,,,,,, ........ ,,,,,,,, ........ .........

,,,,,,,,,,,,,,,,, # Theorem3 = =
Ify:j:(u(x)), then f/(z) = f'(u) x u'(z). SR .
A
.................. R
Alternaﬁivel\yg\
................. \ S dy
\ \\\ _— = X
\\ \\\\ dx ..........
\ \\ ..................................................................................................................................
............................. T
AR S TOO S SORF OO UUOF WUUS U0 I JUON OO SO0 OO SN0 SOUF U0 SUOF OOE OO S0t OSSO SOPR S0 SUOS WUNS RVE AUt OO O JONS O
.................. OImbortah}\note 5 RN 5 5 5 5 5 : 5 5
S : 5 5
e ook for an ¢ o‘uEer vand mner \funct1on

""""""""""" Use the chain rule to differentiate: Answer: 1. 12 (2% +1)° 2. 1053z +4)* =
' 1. (22+1)° 2. 7(Bz+4° 3. (ax+b)" 4. /25— 22 |



‘OTHER RULES FOR FINDING:THE DERIVATIVE — CHAIN RULE : : : : : : 227

O Bl

Ex 7E Q11] Find the values of a and b if the parabola y = a(x + b)? — 8:
[ ] p y

(a)  has tangent y = 2z at the point P(4,8)

""""" """"" """"" 1 (b) has a common tangent with y = 2 — 2% at the point A(1,1).

o S




........ ..... 52 “““ Pfrodufct"rlfll‘e ..... ........ ........ ........ ......... ......... ......... ........ ........ ........ ......... ........ .........
I . yTheOI’em4 . . . . . . . . . . . . : .

................. TN P e it leys it ey

Alternatively,

o Imbortaht note

e Look for a product of two functions

— A are not functions in this instance!

“s Eéxampgle 225

Differentiate each function, expressing the result in fully factored form. Then state
for what value(s) of  the derivative is zero.

1. y=z(z—10)* 2. y=1x2(3z+2)° 3. y=azvr+3

o S




O Bl

Differentiate:

1. f(z)=(3z+2)(222 — 3z + 4) 2. f(z)=(®+522—3) (22 +1)°

o S




......... ..... 53 ..... Quotlentrule .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........
| : 7 Theorem 5 . . . : . . . : : . . : . :

= then ) -

e, o Alternatively, i i, SR

......... .......... ...... olmportantnote ...... ......... ......... ......... .......... ......... ......... .......... .......... ......... ......... ......... ..........

e Look for a quotient of two functions

e Write down explicitly, the functions represented by u and v!

Differentiate, stating when the derivative is zero:

. . 2z + 1 e
........ ....... o2 —1 | g

_ 4 2 —x—2
(22—1)2 “° 222 /z+1

Answer: 1.

o S




3(3z+4)*(4z—33) ... ..........

Answer: 22=5)

o S

(A) Ex 81 (x2) Ex 91




o PamdDo
........ ......... ....... Thefunctionanditssubsequent ......... ......... ......... ..........
______________________________ Seehisatatainaiiebisipasniad S REEE)

o S



....... .......... ....... 6_.1 “““ Increasmg, decreasmg, statlonary at a; polnt

]‘ Learning ‘Goal(s)

i= Knowledge £ Skills

Determine when a function is

@ Understanding
The relation between the first

The first derivative represents

the rate of change of a function derivative and the behaviour of

its graph

increasing and decreasing

® By the end of this section am | able to:
7.16 Understand the concept of the derivative as a function

7.17 Sketch the derivative function (or gradient function) for a given graph of a function, without the use
of algebraic techniques

Q Defmltlon 9

.............................. A function f(z) is
............................... e increasing at ¥ = aifits s oAt
that point, i.e.
d
.......................... Y9
dz
.............................. e decreasing at x = aifits 0 ... a8t
that point, i.e.
d
............................... LA
dr -




34 - : : : : : VALUES OF f’(z) — INCREASING, DECREASING, STATIONARY AT A POINT

g Dfinition 10

......... ....... A function f(x) is stationary at the point z = a if its is ......... ......... ..........

| oy at that point, i.e. 2 2 E
......... ....... d,y ......... ......... ..........
E : de - : : :

......... ....... Find where y = 23 — 42 is decreasing. Answer: —2 <z < 2 ......... ......... ..........

. ......... ....... [EX 10A Q4] . ......... \ ......... ..........
| : (a)  Find f’(z) for the function f(x) = 23 — 32* + 5. N :

(b)  For what values of x is:

................. e AT PT AR

| 5 (c)  Evaluate f(0) and f(2), then, by interpreting these results geometrically, sketch : :
- -y a graph of y = f(x). SRR e e

o S




""""" """"" """"" | [Ex 10A Q10(b)] By finding f’(z) show that f(z) =

apart from z = 0 where it is stationary.

: is increasing for all x, o

[Ex 10A Q15(c)] Sketch the graph of the continuous curve suggested by the
properties below:
e f(z)is odd o f'(x) >0foraz>1

e f(3)=0and f'(1)=0 o fllz)<0for0<z<1

o S




36 : : : : : : VALUES OF f’(z) — INCREASING, DECREASING, STATIONARY AT A POINT

- W 0 LU 00 O O OO O O 0 O

ek e For what values is y = decreasing? Answer: —2<z<0 e o

= Further exercises

| : Ex 3A (Y12 textbook) @ Ex 4A (Y12 textbook) R :
......... ...... ° Q1‘17, 19-23 ......... ......... ..........




........ .......... .......... 6"2“"Stat|onary & turnmg pomts ..... ......... ......... ........ ......... ........ ......... ........ .........
3 : : g Definition 11 : : : : : : : : : : :

A turning point is a stationary point where the sign of the derivative changes.

Types of turning points

Find the stationary points of the quintic f(x) = 325 — 2023, determine their nature,
and sketch the curve.

o S




38 : : : : : : : : : VALUES OF f’(x)— STATIONARY & TURNING POINTS

......... .......... L ’Is"ngampgle'S?; .......... R SR S i e S i, s ......... ......... ..........
: : The graph of the cubic f(x) =z + az? + bx + ¢ passes through the origin and has a : : :

""""""""""" stationary point at A(2,2). Find a, b and c. Answer: a=—2,b=6,c=0

= Further exercises

| : Ex 3B (Y12 textbook) @ Ex 4B (Y12 textbook) S §
......... , ...... ° Q2_15 ......... ......... ..........




]“ Learnlng Goal(s)

= Knowledge £ Skills @ Understanding
| : : : The relation between the first Finding the equation of tangents The first derivative as a gradient
......... .. ......... .. derlvat-lve a.Ild tangents and normals tO a curve funCtiOn ..................
, : : : By the end of this section am | able to:
TR RN CRPRRANS. L 7.11 Develop the concept of the second and higher order derivatives ~~nede
z : ; : G i . dy _ &
SR T SOURR .| 714 Parametric differentiation via the chain rule: de d= i
: : : : at

......... ......... 4444444444 71 44444 Fl'ndlng the second derlvatlve ........... ......... ........ .......... ........ ......... ......... ..........
"&) Definition 12

| : : | The  second  derivative ~ of a  function  f(r) is found by :
S S SOV T TP f@), then o
I . . : f/(x)
........ .......... ,,,,,,,, ....... 0 Important note - - SR . ST R - ,,,,,,,,,,
| 1 the fist derivative measures the of f(2). the second derivative
measures the ------------------ Of the ------------------

E d? d dg
.............................. N 6fat’i6ﬁ““‘déﬁétéd“iﬁ"dﬁ'e‘bfthé"fdll‘owmg"wa'y's”"6‘f”‘('”)’""‘““””""";‘y;"”""‘““””;“““ﬁ"""‘““””"'

: dx? dx \ dz



R 73~E§~<amﬁne~33? __________ S O O O S SN SO SO SO OO SO _________ ——

" [Ex 10D Q7(c)] Find the first and second derivatives of

1422

Find the first, second and third derivatives of 2. Hence find the n-th and (n + 1)-th
derivatives of x".

o S

= e Q1-12

= Further exercises

Ex 3C (Y12 textbook) @ Ex 4D




............................... T .H.EHSEQQNP.PER.IYATIYPANP..‘?QNQAY.IT.YT.Q.F.AQURYE;@..BABAMETR.I.Q.QIFFERENT?AT.I.QN.......u...........444...§..4.1....4.4.........
......... .......... ........... 72. Parametrlc dl.fferent'atlon ............................................................................................
' : : : - // Theorem 6 ' - '

g Exaimple ~§36

Derivatives of parametric equations require the

First derivative

dy
dp o e X
Second derivative
2ot (. )5
de dx ..... i dt ..........

(Fitzpatrick & Aus, Izoj Ex75Q4)

d
(a) If z = 4t and y = 2t*, find the expression for d—y in terms of ¢.
x

d
(b)  Hence find the expression for d—y in terms of x.
i

Answer: (a)

d d
=) =3

o S




THE SECOND DERIVATIVE AND CONCAVITY OF A CURVE —(x1 PARAMETRIC DIFFERENTIATION

_______ .‘sExamp,ey

[Ex 9E Q14] Find the tangent to the curve at the point where ¢ = 3:

xz =52, y=10¢




L 1LV I 00 00 0 O O OO O Y00 0 O

(Fitzpatrick & Aus, 2019, Ex 7.5 Q6)

2t 1:— d
(a) Ifz= o and y = o find the expression for % in terms of ¢.

2

| ® Hence find -7 as a function of ¢ B

o S




44 THE SECOND DERIVATIVE AND CONCAVITY OF A CURVE —(x1 PARAMETRIC DIFFERENTIATION

R #__ngamﬁ,e.gg; __________ S O O O S SN SO SO SO OO SO _________ ——

(Fitzpatrick & Aus, 2019, Ex75Q7)

(a) If z=1¢>+4t and y = 3t + ¢°, find the expression for % in terms of ¢.

s d IS
| : (b) If dy = 1, find the values of z. : : :

B @ BN
s S 2y SH T S SR
| : (c) Find Tz asa function of ¢. : : :

a3

d 3(1+¢2 a2 AP
Answer: (a)3§=é($_—tz)l(b)x=—% or 5 (c) Lf = gi(t_:;) )

o S




THE SECOND DERIVATIVE AND CONCAVITY OF A CURVE — (x1) PARAMETRIC DIFFERENTIATION 45

7.2.1 Exercises

(Fitzpatrick & Aus, 2019, Chapter Review 7)

1. Given z =t*— 1 and y = t3, find as a function of ¢:
dy d*y
(a)  — (b) -

d
2.  Given x = 40t and y = 56t — 16¢2, find the expression for d_y
x

1 1 d
3. (a) IHfzx=2 (t + Z), y=2 (t — %)’ find an expression for d_y in terms of ¢.
x

2

(b) Find d_gé as a function of t.
T

(Pender et al., 1999, Ex 7K)

1
4. (a) Use parametric differentiation to differentiate the function defined by = =t + n
1
and y =1t — o and find the tangent and normal at the point T" where t = 2.

(b) Eliminate ¢ from these equations, and use implieit parametric differentiation to
find the gradient of the curve at the same point 7. [HINT: Square z and y and

subtract.
Answers
d d? d _ d 2 a2 o043 2
1. (a) &£ = 32t (b) % = % 2. 9 = 754t 3. (a) & = izfi (b) % = ()52372)3 4. (a) y' = 221“1, tangent: 5z — 3y = 8,

normal: 3z + 5y = 15 (b) 22 —y2 =14

= Further exercises

@EX 9E @EX 9F @EX 91
e Q13-14
e Q14-15 e Q9

NORMANHURST BOYS’ HIGH SCHOOL INTRODUCTION TO DIFFERENTIATION



......... ..... 73 44444 Concavnty ......... .......... ........ ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

.........................

E Definition 13 :

A curve concaves

«up st s point 5 = o when iis X p ........ ......... ..........
second derivative at that point is = 7 : : '

down at a point x = a when its 74 NS
second derivative at that point is o / \\

Q LaWs/ReSults

Consequences for stationary points A stationary point coinciding where the curve
concaves: | i e R

D S

e




T3 Change in comcavity

g Definition 14

A point of inflexion occurs on when the concavity of the curve changes, from concave

........ .......... <<<<<<<<< -] up to concave down and vice versa. At all points of inflexion, f”(z) =0.
o imponf*tant note
JEERE TRBINE e Geometrically, a point of inflexion is a point where the tangent crosses the

| . : : curve, i.e. the curve must ‘curl away’ from the tangent on opposite sides of the
......... .......... .......... . tangent.

e Example where f”(x) = 0 but does not give a point of inflexion — f(z) = z*

around x = 0. Concavity does not change here!

o S




48 : : : : : ‘THE SECOND DERIVATIVE AND CONCAVITY OF A CURVE:— CONCAVITY:

g DfinitioN 1

A horizontal point of inflexion occurs when the derivative f’'(x) = 0 also where the

concavity changes.

g Example 40:
[2007 HSC Q6/Ex 10E] Use the second derivative, if possible, to determine the
nature of the stationary points of the graph of f(z) = z* —423. Find also any points

of inflexion, examine the concavity over the whole domain, and sketch the curve.

o S




THE SECOND DERIVATIVE AND CONCAVITY OF A CURVE — CONCAVITY: : : : : : : 49

O Bl

For what values of b is the graph of the quartic f(z) = x* — bx3 + 52?4 62 — 8 concave

""""""""""""""""""""" down at the point where x = 27 Answer: b > 2

......... .......... ﬁ Exahple 42 i o [ SRR T ..........
| [2013 2U HSC Q12] (2 marks) The cubic y = az® + bz + cx + d has a point of

......... .. ......... . inﬂexion at T = p. ........ ..........
O U0 0 0 0 0 L

Show that p = o

o S




............... 50 ... ... ... THESECOND DERIVATIVE AND CONCAVITY OF A CURVE.~ CONCAVITY. . . . .

SR8 P 0 0 0 O O O O OO
| : Using the following information, sketch the graph of y = f(z): : : :

e f(0)=0 e () >0 when z <0

| : o f'(z) >0 for all z : : :
......... ...... . f,,(O):O . f”(l‘) < 0 when z > 0 ......... ......... ..........

o S




......... .......... ?3’Exarnple44 ......... S b S R S SN e S S ..........
. |[2012HSC Q14] A function is given by f(z) =3z* +42® —122%. .
| : : | i Find the coordinates of the stationary points of f(z) and determine 3 :

S b S 4 their nature. S
| : : | ii.  Hence, sketch the graph of y = f(x) showing the stationary points. 2 :

"""""""""""""""""""""" iii. For what values of x is the function increasing? j AR
S - ) iv. For what values of k will 3z* + 423 — 1222 + k = 0 have no solution? 1 -

o S




i - 7..4 “““ Graphs Of successive derlvatlves .......... a—— . — —— ot = e o
' : &, Laws/Results: : : : : : : : : : :

Relationship between f(z), f'(z) and f”(x)

Significance of feature w.r.t. f(z)

Feature f(z) | J'(x) | f"(z)

| : Zero crossing : : :

, ......... .. ...... Turning point N/A . ......... . ......... ..........

| : Pt of inflexion of f f(x)=0 : : :
HPOI of f () =0

............... Cailculu;s.gra;é)her ] [_?J'htt‘p //phet.colorado.edu/en/simulation/calculus-grapher| ...

.................... gExamp|e45

The diagram shows the graph of a function y = f(x). Sketch its derivative f’(z) on
the same set of axes.



http://phet.colorado.edu/en/simulation/calculus-grapher

THE SECOND DERIVATIVE AND CONCAVITY OF A CURVE — GRAPHS OF:SUCCESSIVE DERIVATIVES : © 53

[1999 HSC Q8] The diagram shows the graph of the gradient function of the curve

y = f(x). For what value of d?(J)es f(z) have a local minimum? Justify your answer.

o T Examplesr
| : : : [2009 HSC Q8] The diagram shows the graph of a function y = f(x). :

=Y

i.  For which values of x is the derivative, f'(x), negative? 1
......... .......... .......... s BN What happens to f’(a:) for large values of 7 1 e ..........
| : : | iii.  Sketch the graph of y = f(x). 2 :




B ,‘s_E;(amﬁ,e.%; __________ 0 0 O O O O O O O O 0 _________ 0
________ - [2011 HSC Q9] (3 marks) The graph y = f(z) in the diagram has a stationary ________ _______ -

point when x = 1, a point of inflexion when x = 3, and a horizontal asymptote
Yy = —2.

Vi

| : Sketch the graph of y = f’(x), clearly indicating its features at x = 1 and at = = 3, : : :
JR . and the shape of the graph as x — oo. e ST SR

R T R R S R ARl R B S S R R R R R R R A R P S R R LR

Further exercises

......... ~ ...... @ EX 3D (Y12 textbook) @ EX 4E (Y12 textbook) ......... ......... ..........
E : o Q1-6 AR :
e Q7-19 odd e Q1-23 odd |




o S



]‘ Learnlng Goal(s)

= Knowledge L Skills @ Understanding
| : The difference between Solve problems involving rates of The real-life implications of : : :
SR RN instantaneous  and  average change using derivatives the first and second derivative RN T s
' : rate of change functions : : :
......... ...... (4 By the end of this section am | able to: 444444444 ......... ..........

7.18 Consider average rate of change and relate this to instantaneous rate of change

7.19 Interpret and use the derivative at a point as the instantaneous rate of change of a function at that
point

7.20 Calculate derivatives of power functions to solve problems, including finding an instantaneous rate of
change of a function in both real life and abstract situations

7.23 Interpret the derivative as a measure of instantaneous rate of change.

7.24 Describe the behaviour of a function and its tangent at a point, using language including increasing,
decreasing, constant, stationary, increasing at an increasing rate

7.26 Solve a variety of problems involving (simple) rates of change

Q Deflmtlon 16
If a quantity is measured by @, then the

444444444 ....... ° Instantaneous rate Of Change iS , le gradient Of g 444444444 ......... ..........

......... ...... ° Average rate of Change is : where Qh QQ are the quantities 444444444 ......... ..........

at the start and finish of the times measured, and the difference between ¢; and

t5 is the time elapsed, i.e. gradient of




If f(t) =t*— 2t +4, find

(a)  The average rate of change between ¢ = 2 and ¢t = 4.
......... .......... .......... . (b) A new function that describes the I‘ate Of Change ........ ..........

(¢)  The instantaneous rate of change when ¢ = 4.

L mEamless

: ; : | A javelin is thrown so that its height, h metres above the ground, is given by the ;
......... .......... .......... A rule: h(t) = 20t — 5t + 2, where t represents time in seconds. .. ..........
' : : | (a) Find the rate of change of the height at any time, ¢. :

o S 1 (b)  Find the rate of change of the height when

......... .......... ......... . 1 =1 T T UL O O O T ..........
""""" """"" """"" | (¢) Briefly explain why the rate of change is initially positive, then zero, and then
| : ' ' negative over the first 3 seconds.

| , , | (d) Find the rate of change of the height when the javelin first reaches a height of ,
S S L7000 TCi o KOS O UNOE SOV SUUUN SUNE SUUNE SO UUN U UOU UVE SUOS SOVUE SONNE SO SRR SUUN UN UOU SUOS JOUOS SO SRS SO SIS S




T B BT _________ 0
| : (ML_S;’MM&M IJ)DBE p.260) A cockroach plague hit the suburb of : :

Berrawong last year, but was gradually brought under control. The council estimated
that the cockroach population P, in millions, ¢ months after 1st January, was given

P=7+6t—t

dpP
(a)  Differentiate to find the rate of change o of the cockroach population.

| : (b)  Find the cockroach population on 1st January and the rate at which the ' : :
......... ....... population was increasing at that time. ......... ......... ..........

(¢)  When did the council manage to stop the cockroach population increasing any
further, and what was the population then?

L . (d)  When were the cockroaches finally eliminated? . - -

()  What was the average rate of increase in the population from 1st January to
1st April?




BASIC RATES OF CHANGE — INSTANTANEOUS VS AVERAGE RATE OF CHANGE

O Bl 5

A water tank is being emptied and the quantity of water, @ litres, remaining in the

tank at any time, ¢ minutes, after it starts to empty is given by:
......... .......... .......... . Q(t) jos 1000(20 - t)2 ........ ..........

At what rate is the tank being emptied at any time ¢? . ~~~~~~~~~~

At what time is the water flowing out at the rate of 20 000 litres per minute?

()
(b)  How long does it take to empty the tank?
(c)
(d

) What is the average rate at which the water flows out in the first 5 minutes? """""

o S




60 BASIC RATES OF CHANGE — INSTANTANEOUS VS AVERAGE RATE OF CHANGE

8.1.1 Increase or decreasing, at an increasing/decreasing rate
@ A Strange English grammar ahead!
&) Definition 17

e Increasing at an rate

d
Observation: % d -

(]
(@]
Qo
=
(o
O
|2
@]

e The rate of increase, is

&) Definition 18

o Increasingata rate
dy d*y
Ob tion: — 0 and — 0
/ ° servation dr - an dz2 -

e The rate of increase, is

&) Definition 19

Decreasing at an rate

d
Observation: % d

(] [
(@]

o

=

(o

O
|2
(@]

e The rate of decrease, is

&) Definition 20

® Decreasingata rate
dy d?y
Ob tion: == Oand —= O
\ ° servation dr - an a2

e The rate of decrease, is

INTRODUCTION TO DIFFERENTIATION NORMANHURST BOYS’ HIGH SCHOOL
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O Bl 53

[1995 2U HSC] The graph shows the levels of a pollutant in the atmosphere over

the past 50 years.

Level of
pollutant

>
[

. : _ : 1945 1995 _
......... .......... .......... . 11 R PR, ... ..........

Describe briefly how the level of this pollutant has changed over this period of time.

Include mention of the rate of change.

......... .......... .......... ~Example54 ......... e e ot T e e = e e e ..........

J S . | [1997 2U HSC] The rate of inflation measures the rate of change in prices. Between ... SRS
-} January 1996 and December 1996, prices were rising but the rate of inflation was
TR b ~..... | falling. Draw a graph of prices as a function of time that fits this description. ... S

o S




62 : : : : : ‘BASIC RATES OF CHANGE —:INSTANTANEOUS VS AVERAGE RATE OF CHANGE

......... .......... L 13"E&amﬁle”5’5§ ......... e S S b e, e b, e ......... ......... ..........
: : [2000 2U HSC] The number N of students logged onto a website at any time over - : :
a five-hour period is approximated by the formula

......... ....... N:175+18t2_t4 OStSE) ......... ......... ..........

""""" """ (i)  What was the initial number of students logged onto the website? 1

......... ,,,,,, (i)  How many students were logged onto the website at the end of the five 2 ......... ......... ..........
hours? : :
--------- »»»»»»» (iii) What was the maximum number of students logged onto the website? 2 --------- --------- »»»»»»»»»»

(iv)  When were the students logging onto the website most rapidly? 2
(v)  Sketch the curve N = 175 + 18> — t* for 0 <t < 5. 2

o S




gExampie 56 .......................................................................................................................................

[2002 2U Q7] A cooler, which is initially full, is drained so that at time ¢ seconds
............................. the volume of water V', in litres, is given by
S L SOURR : D IV PN ROt FUN FENN ROTK SECE STIT STUS SITS SO0 AU FUOTI PO RSO S SOS
| : : : V=25(1-—] for0<t<60

(i)  How much water was initially in the cooler? 1

(i)  After how many seconds was the cooler one-quarter full? 2
""""" """"" """"" | (ili) At what rate was the water draining out when the cooler was 2
| one-quarter full? :

o S




64 : : : : : ‘BASIC RATES OF CHANGE —:INSTANTANEOUS VS AVERAGE RATE OF CHANGE

T gl B

[2000 3U Q7] A The amount of fuel F in litres required per hour to propel a plane
in level flight at constant speed « km/h is given by

.................. B
F=Aw+ =
................. u R T T R I

where A and B are positive constants.

""""" """ (i) Show that a pilot wishing to remain in level flight for as long a period 2 """"" """"" """""
| : as possible should fly at : : :

_________ ....... (3%>ikm/h _________ _________ ..........

________ ...... (ii)  Show that a pilot wishing to fly as far as possible in level flight should 2
| 3 fly approximately 32% faster than the speed given in part (i).

o S




5»7_ t3+-24t te [0 10]

......... .......... .......... ......... ......... ...... a...Whails thevolume oftheballoon when ...... ......... .......... .......... ......... ......... b‘ ..........
' : : ' : : : i t—O” E : E || 1= 10‘7 : : : : : :

Gr=0 =S ? i iﬁt=ia

AT B 9 : C 5 é é D3 é §E 7;

A2 §B—2 § C28 § D3 § §E 12

5 -ch0|ce : _
............................................................ T rate of change ofafuncuonlsdescnbedbygy— 2x—7xthen thefunctlon

could be: : ; : :
................................................................. Ay6x—14xBy=§x3—7xCy=§x3—%x2+5
................................................................. Dy=x3~—x+2E2xZ7x+5

WORKED In a baseball game the ball IS hit

so: that :its helght above the
ground h metres, is ' 3

h(t)=1+18¢— 312
t seconds after being struck

a : Find the rate of change, h’(t)
b * Calculate the rate of change

........................................................................ .'bfheight'éiffe'r”"‘"""""""”""""
, : : : : : : “12 seconds: : .
......... .......... .......... ......... ......... .......... E'Il"3'sec0nds ......... ......... ..........
} : : : ; ; ; “ili- 4 seconds. : : :
......... .......... .......... ......... ......... ...... cWhat happens When ....... ..........

: t— 3 seconds‘7
helghtwhentheball ﬁrst
§ reaches a helght of 16 metres




is gwen by § § x(t) = —2;2 + 40: :
a Fmd the rate of change of dlsplacement (Veloc1ty) at any t1me .

: : : : ‘1_55 "t_9 "'t_ll : : : : : : : : : :
......... c ......... ’CWhath’appenedbetweenl—~9andt—ll" ......... .......... ......... ......... .......... , ......... ......... ......... ..........
' : : -d When and Where is the rate of change zero‘7 : : : : : : ' : :

are opened is grven by

JRR S SR SRR TOUE TR SUURE SU SO SR N _s,5()0; +3500t ;e [0..54} 444444444 ......... 444444444 S SR e SR S S
E E E c.a Fmdehen : : : ; ; ; : : : :

ilt—land ii t—3

| _ _ Ye Flnd the 1nstantaneous rate when : : : : ; : : : : :
IR SR s g |t=() ...... fore .: ...... |||“ :.3..5 ..... |V“t'='4"“§ ........ T R S SR s e RN TN SN SRR
' : : ..d Why is: the rate mcreasmg m the ﬁrst 4 hours" : : : : : : : :

W 80+12t 10 where O<t<20

................................... GMWhat 18 the: welght ofthe foal atbn*th‘?
: : : b Fmd an expression for the rate of change of we1ght at any trme 1. : : : : : ;
JE SR . ¢ Find the rate of change after: RTINSO S U TR SO I SR SR S S S SR SR

i5 weeks i 10 weeks © i 015 weeks : : 5
d Is the rate of change of the foal’s welght 1ncreasmg or decreasmg" :

e When does the foal welgh 200 kg" _
lO The weekly proﬁt P (hundreds of dollars) of a factory is glven by P = 4 Sn = n2

b Hence find the rate of change of proﬁt 1n dollars per employee if the number of%
......................................... employees st © 1l
z z : : ii16 : : : : : : : : : : : : : : z
......... .......... ................... |||25 ............. .......... feeaadescedaaaaianas ; ......... .......... 4444444444 ......... 444444444 .......... .......... ......... 444444444 ......... ..........
: : : toC F1nd n when the rate of change is zero : : : : : : : : : : :

1 l Gas 1s escapmg from a cyhnder SO that 1ts Volume \%4 cm t seconds after the leak%
starts, is descrlbed by V =2000— 20f — - 1% :

| 10 seconds
i1 50 seconds

i 100 seconds : :
b Is the rate of change ever posmve" Why"

'|2 Assume an oil Splll from an oil tanker is c1rcular and remalns that way.
.......................... .>,.,i...94‘W.r,l.t@..d@?wn,a.lf@.lauqn.shl.pb@tw.eicn..t.h.¢‘a‘r.e,a.o.f..t.hsesssp.l.l,l..A.m...an.(.i..t.hera.d,l.u.S...4u4..,.,.....4,4‘...,.,.:..4u4‘.,..,......u.u..,.,...
r metres.
b Fmd the rate of change of A with respect to the radlus r
| : : . i10m . z 5 : 5 5 b : : : : : :
S S AT i50m. ......... S S S i S S i S S S
I . . . ||| IOOm . . . . . . . . . . . . . . .




i 0 1 m

I 50.2m
........................................................ |'|'|"'(')”3'“m"'
------- ------- E-““““f----“‘“f"'l'4“A‘rectangular fish tank has a square base wrth 1ts herght berng equal to: half its base'? ------- -------
1 length > SR
JERE RN DRPRRANS. L TP GM.EXpreSS the length and Wld'[h of- the base in- terms OfltS herghth .......... foeeriinns P FRPPP R RN
: : : : : b Hence, express the volume, V m>, in terms of the herght h only ' 5 : :
................................................. cm.Fmd therate ofchange owahen

ith=1m:
......................................................... WoA=20me i i

iii h=3:m

o X 1n terms of h-

......... ......... ......... bthevolumeVasafunctlonofhonly ......
: ¢ the rate of change of V when :
......... .......... 4444444444 ......... 4444444 lh 44444 Osm 444444444 ......... .......... 4444444444 ......

||:h—1:m.

L ecoobossohssscesccs’sonssscssdecsessosolsccciocssbonsecssc’ocsccsse < 200 : x.. .....................
""""" """"" """"" Regulatlons w111 not allow houses to: be bullt on slopes where the- gradlent 1S greater“é """"" """""
; ; ; ; A than 045 If the equat10n of the cross-section of the hillis - : : : § ;

S S R S S SRR :.;_.ooooozx +0006x- ..... R T R T TR S

ﬁndz §

o the Values of x where the gradlent is 0. 45 A
d the range of helghts for which houses cannot be bu11t on the h111




At What rate in hectares per hour, is the fire spreadmg at any trme t7

a
b What is the tate when ¢ equals:

048 ivi10:

- 'What happens after. 20-hours?

vi12
“‘Bneﬂy explarn how the rate of burnlng changes durrng the first- 20 horurs
Why isn’t there a negative rate of change in the ﬁrst 20 hours" §

tovi

16 vii 20’7

After how long is the rate of change equal to 756 hectares per hour"

CHAPTER 9 Appllcahons of
dlfferenhuhon :

i 207z mz/rn ii 15007t mzzlm 111 20071: m2/m

Yes because %

is 1ncreasm
dr: &

2 a = E
: 3 : : : r.
;D ?9 o /s : ¢ 10,04 m¥m or 0.13 m¥/m
,......444,.........r.4444....7...x:.J;O.cm./smu.lZOcm/ dii. Ocm/s ............................ 01670 /M OF 0:50 TIR/IIL: -+ v e feeeetome bt
3E S4cC ;5 C - i :0.36z m*/m or. 1.13 m*/m
6 a h’(t)—18 6t - : : : : 14 a Length= 2h wrdth 2h : : : : : :
.............................. : b16rn/s110m/s1n—6m/s_3
¢--The ball stops rising; that is; it reaches its highest b V=4h' . : : : : ; :
........................................ POlntc112m3/m1148m3/m111108m/
4 2w 150 x=20 b V=6 :
o0 dx : ] : : : : :
................................ : 7...4.udt....:‘.‘EtﬂrAO...b..!HZQ.III./.S..!!Am/,S..!!!.Amls.......éttc..,i..%_‘}.l’..:ﬁ.3.‘...ii§4%(,.='.. P E UURE U0 OSSO JOR SO SN e
. ¢ The lift changed:direction. : : : : d: : : : :
oo dr=10sandx=200m -0 1.@&1...—....;.:0.()0006); +0012x ..........................................................
8§ a 14000 i 15000 - dx : :
b 5500:people perhour : SR ='b i0.384 i 0.6 iii 0384 iv 0.216 - R 5
................................ ...£..1.:3500. people/hour .. ii. 45()0people/hour.,"‘.f,.........Lc...x....5.0andx 150d125<y<675
: iii 6500 people/hour iv 7500:people/hour C o dA N : : : : :
. d More people arrive closer to starting time. 17.a ar = 18091 hectares/hour :
.............................. 986kg'b.-_=12.._0.6l....b.lo115661118641‘]900.‘]864‘.71576...
: : e : “---ovii 0 (all hectares/hour)
.................................. ;.‘Bgclffg?el‘(‘...l.' 6216g<VWZT<1;....l.'.;"“3..1?5/???1‘("‘.;..........;‘c...Th.e..ﬁrcspre.a.ds.at‘a.n.m.c,reasmg..rat.e.l.nIhe.ﬁrst...."‘...........w........
: dp ne El e : : : : 10 hours, then atadecreasrng rate in the next 10
10 a = =45-150° - hours. ; ;
S e A SR d ......................................................... S dTheﬁrels Spre,adlng, the areabum{ Outby..a.fnre ......... e e
- b i:$37. 50 i —$9 38 il —$12 00 ‘e n=9 does not decrease; : : :
11 a i-202cm’s i —21em/s i =22 cm¥s E . e The fire stops spreadlng, that is, the fire i 1s put out :
"”bNO because theVOlume1S alWa:yS decreasmg ............ 444444 Orcontalned to theareaalreadybumt ............. ......... ......... ..........
: : o f t—6andr~ 14hours : : : : :

o S




NESA Reference Sheet — calculus based courses

Wik
NSW

NSW Education Standards Authority

HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT .
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2
REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(1+r)
[ = i X 27r
360
Sequences and series
Area
Azixﬂ-ﬁ Tn=a+(n—l)d
360
h n n
A=E(a+b) Sn=§[2a+(n—1)d]=5(a+z)
Surface area T =ar"!
A =272 + 27rh
all=r") alr"-1
A = 4nr? S, = ( )= ( ),r;tl
n 1-r r—1
Volume
v="Lan S=q i<t
3
V="n3
3
Functions Logarithmic and Exponential Functions
‘= —bi\/ézz —4ac logaa":xzalog"x
a

For ax> +bx*> +cx +d = 0:
a+ﬂ+y=—§

¢

a,B+ay+ﬂy=E
and aﬂyz—%

Relations
()c—h)2+(y—k)2=r2




Trigonometric Functions

sinA = m, COSA = a—dj, tanA = ﬂ
hyp hyp adj
1
A =—absinC o
a b c
= = 45°
sinA sinB sinC 1
c? =a*+b* = 2abcosC
2,2 2
cosC= L= -
2ab
2
[=r6
AL /oo
2 1
Trigonometric identities
secA = ! ,co0sA#0
COsA

cosecA = %, sinA =0

sin
COsA .

CotA=——,sinA#0

cos2x + sin®x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cosAcos B —sinAsin B

tan(A + B) _ tanA + tan B
1-tanAtanB
A . 2
If t=tan— then sinA = d
1417
)
cosA=1 !
147
tanA = 2
1-7

cosAcosB = %[COS(A —B) +cos(A + B)]
sinAsinB = %[COS(A —B) —cos(A + B)]
sinAcos B = %[sin(A +B) +sin(4 - B)]

cosAsinB = %[sin(A + B) —sin(4 - B)]

sin’nx = %(1 — cos 2nx)

cos’nx = %(1 + oS 2nx)

Statistical Analysis

_x—u An outlier is a score

o

or

Normal distribution

less than Q; — 1.5 X IQR

more than Q5 + 1.5 X IOR

approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

EXX)=u

Var(X) = E[(X - u)?] = E(X?) - u?

Probability

P(AnB)=P(A)P(B)
P(AUB)=P(A) + P(B) - P(ANB)
P(A|B) = P(ﬁ(;)B), P(B)#0

Continuous random variables

X

P(X <x) =J J(x)dx

b
Pla<X <b):,[ f(x)dx

Binomial distribution
P(X=r)="Cp"(1-p)"™"
X ~ Bin(n, p)
= P(X=x)

= (Z)px(l—p)"_x, x=0,1,....n
E(X)=np
Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

vy =g(u) where u= f(x)

y=sinf(x)
y=cos f(x)
y=tan f(x)
y=e/®
y=1Inf(x)
y=a’®

=log, /(x)

y=sin"" £(x)

y=cos”' /(x)

y=tan"' f(x)

Derivative

dx

dy
dx

4 _

dx

dy _

dx

LA )

—==/"(x)cos f(x)

dy

dx

dy
dx

dy
dx

dy _
dx

dy
dx

dy

dx

b _

dx

= f'(x)sec

=—/"(x)sin f(x)

2f(x)

= el

=(Ina) f'(x)a’

/(%)
(Ina) f(x)

_ S

~[f)7T

W

=[]

JS'(x)
1+[ /0]

Integral Calculus

1
n+1

Jf’(X)[f(x)]”dx _

where n #—1

S (x)sin f(x)dx =—cos f(x)+c

r

J'(x)cos f(x)dx =sin f(x)+c

r

F(x)sec? £(x)dx = tan £(x) + ¢

r

f’(x)ef(x)dx =W

J sl

( S(x)
f’(x)af(x)dx =4

+c
Ina

)
a-[f)f

J f(x) dx:ltan
a +[f(x) a
Ju—dx = uv—Jv%dx

dx
j e

zb;f{fm)+fao+2LﬂxJ+~~

di = 71f()

[

_1@+c
a

where a =x, and b =x,

[f(x)]n+1 +e

+f(

-1

)]}




Combinatorics

!
np 1!
")
AN n!
(r)_ €=

r(n=r)!

n

1

(x+a)”=x"+( -

_ ny -
)x" 1a+~~+( )x" "a”

+ ...

+a"

Vectors
|13‘=‘x£+yz‘=\/x2+y2

w-y=[ul[v[cos=xx, +yy,,
where u = x;i+y,J

and y=x2£+y22

r=a+A1

1

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'?
[r(cos 0 + isin 0)]" = r"(cosn@ + isinnd)

— rneme

Mechanics

d dv_ dv _d (1 2)
-7 =—=y—=—|—V
dr* dt dx dx\2

X = acos(nt+ Q’) +c
x=asin(nt+a) + ¢

X= —nz(x -c)
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